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Abstract
In this paper we consider a singularly perturbed elliptic problem with two small parameters posed on the unit square. Its solution
may have exponential, parabolic and corner layers. We give a decomposition of the solution into regular and layer components and
derive pointwise bounds on the components and their derivatives. The estimates are obtained by the analysis of appropriate problems
on unbounded domains.
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1. Introduction
We consider the following singularly perturbed elliptic problem in the unit square = (0, 1) × (0, 1):
Lu := −1u + 2b(x)ux + c(x)u = f (x, y) in ,
u = 0 on , (1)
b(x)> 0 c(x)> 0 for x ∈ [0, 1], (2)
where 0< 1, 2>1 and  and  are constants. We assume that b, c and f are sufﬁciently smooth and that f satisﬁes the
compatibility conditions
f (0, 0) = f (0, 1) = f (1, 0) = f (1, 1) = 0. (3)
Under these assumptions there exists a classical solution u of the boundary value problem (1) such that u ∈ C3,(¯)
for  ∈ (0, 1), [6]. Problem (1) is characterized by regular layers at x = 0 and x = 1, parabolic layers at characteristic
boundaries y = 0 and y = 1, and corner layers at four corners of the domain.
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Singularly perturbed elliptic boundary value problems of convection–diffusion type in a domain with characteristic
boundaries are widespread in modeling physical problems, e.g., in ﬂuid dynamics, heat and mass transfer in chemical
engineering, theory of plates and shells, oil and gas reservoir simulation andmagnetohydrodynamic ﬂow.Twoparameter
problems arise in chemical ﬂow reactor theory [11] as well as in the case of boundary layers controlled by suction (or
blowing) of some ﬂuid [16]. It is important to study these convection–diffusion-reaction problems with two parameters
in order to obtain information which may clarify the interaction between convection and reaction.
For the construction of any numerical method solving singularly perturbed problem it is crucial to have information
about the behavior of derivatives of the exact solution. The bounds on derivatives are required in the mesh reﬁnement
strategy as well as in the error analysis.
The purpose of this paper is to establish a decomposition of the solution into smooth and layer components and to give
pointwise bounds for the components and their derivatives. Our decomposition of the solution enables corresponding
splitting in the analysis of numerical methods. Moreover, the decomposition and derivative bounds given in this paper
are used in the analysis of ﬁnite element method in Teofanov and Roos [21].
Let us brieﬂy mention some results related to our investigation. The asymptotic structure of the solution to a
problem similar to (1) was examined by Butuzov [2]. In that paper certain relation between the orders of small
parameters was identiﬁed as signiﬁcant. When 2 is of order 1/21 and smaller, we have the layer structure approaching
the reaction–diffusion case. Asymptotic structure and differential properties of the solution of the two-dimensional
reaction–diffusion problem are studied in [1,6], for example.With 2=1we have a convection–diffusion problemwhose
solution has an exponential layer near the outﬂow boundary, parabolic layers in the neighborhood of the characteristic
boundaries and corner layers near the intersection of the boundary layers. This kind of problem is considered in
[3,4,7,10,14,15,17,22].A brief historical survey of asymptotic expansions for the solution of this problem can be found
in Roos [14]. In the case when 2 increases away from 1/21 and still remains small compared to 2 = 1, we have a
completely different layer structure. In this paper we observe the general case when small parameters 1 and 2 are
independent.
The estimates given in this paper are derived by analyzing simpler elliptic problems posed on corresponding un-
bounded domains. Using that approach we avoid asymptotic expansion with their related ordinary and parabolic dif-
ferential equations. This approach was also used in Roos [14], Clavero et al. [3], Kellogg and Stynes [7]. In fact, Roos
[14] indicates that new approaches in decomposition of solutions containing strong parabolic layers are needed since
it seems that information obtained from standard matched asymptotic expansions is not sufﬁcient for the construction
of optimal meshes.
Elliptic two-parameter singularly perturbed problems in two dimensions have been studied in Li [8], Shishkin [18–20]
and O’Riordan et al. [12]. Li [8] considers the same problem as Butuzov [2] and derives estimates for the solution
and its ﬁrst derivatives. Some different types of two-parameter elliptic convection–diffusion equations are considered
in Shishkin [18–20] and O’Riordan et al. [12]. Let us emphasize that our approach is different from those used in
foregoing papers and yields to a new decomposition of the solution to the problem (1).
The paper is organized as follows. In Section 2we recall the comparison principle and state themain result,Theorem4.
Section 3 is devoted to the analysis of corresponding elliptic problems on unbounded domains. Finally, in Section 4
we use results of Section 3 to prove Theorem 4.
Throughout the paper, we shall use C (sometimes with subscript or bar) to denote a generic positive constant
independent of 1 and 2.
2. Main result
To describe the exponential layers at x = 0 and x = 1 we use the characteristic equation
−12(x) + 2b(x)(x) + c(x) = 0. (4)
It has two real solutions 0(x)< 0 and 1(x)> 0 which characterize the layers at x = 0 and x = 1, respectively. Let
0 = − max
x∈[0,1] 0(x) and 1 = minx∈[0,1] 1(x),
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i.e.,
0,1 = min
x∈[0,1]
∓2b(x) +
√
22b
2(x) + 41c(x)
21
. (5)
Note that for 0 and 1 following inequalities hold:
10,
0

2‖b‖∞ + √1‖c‖∞ 

‖b‖∞ + √‖c‖∞ , (6)
20
‖c‖∞

, (7)
√
10
1√

,
for 2
√
1 :
+
√
2 + 4
2√1 1
‖b‖∞ + √‖c‖∞
1
,
for 2
√
1 : ‖b‖∞ + √‖c‖∞ 
√
11‖b‖∞ +
√‖c‖∞.
In the next lemmas we give some properties of functions which will be used later. We omit their proofs since they are
similar to the proof of Lemmas 2.1 and 2.2 from [9].
Lemma 1. For any p ∈ [0, 1] and all x ∈ (0, 1) we have
Le−p0x(1 − p)e−p0x . (8)
For all x ∈ (0, 1) and any 	‖b‖∞,/ we have
−Le−	0x
(
	

‖b‖∞, − ‖c‖∞,
)
e−	0x . (9)
Lemma 2. For any p ∈ [0, 1] and all x ∈ (0, 1) we have
Le−p1(1−x)(1 − p)e−p1(1−x).
For all x ∈ (0, 1) and for any 	‖b‖∞,/, we have
−Le−	1(1−x)
(
	

‖b‖∞, − ‖c‖∞,
)
e−	1(1−x).
The main tool used for the estimation of components of solution to the problem (1) and their derivatives is maximum
principle and the barrier function technique.
We state the comparison principle which is the direct consequence of the maximum principle.
Lemma 3 (Protter andWeinberger [13]). Let u,w ∈ C2()∩C0(¯) satisfy |u|w on  and |Lu|Lw on , then
|u|w on ¯.
Now we state the main result of the paper.
Theorem 4. Let there be given elliptic problem (1) on the unite square ¯ such that the functions b, c and f are sufﬁciently
smooth on ¯ satisfying conditions (2) and (3), and let p ∈ (0, 1) and k ∈ (0, 12 ) be arbitrary. Assume that
2‖b′‖∞2k(1 − p). (10)
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Furthermore, let 
 be a positive constant satisfying

2 (1 − p)
2
. (11)
Then the solution u of the boundary value problem (1) can be decomposed as
u = S + E10 + E11 + E20 + E21 + E31 + E32 + E33 + E34 (12)
where for all (x, y) ∈ ¯ and 0 i + j2, the regular part S satisﬁes∣∣∣∣ i+j Sxiyj
∣∣∣∣ C, (13)
the exponential and parabolic layer components satisfy∣∣∣∣i+jE10xiyj
∣∣∣∣ Ci0e−p0x , (14)
∣∣∣∣i+jE11xiyj
∣∣∣∣ Ci1e−p1(1−x), (15)
∣∣∣∣i+jE20xiyj
∣∣∣∣ C−j/21 e−
y/√1 , (16)
∣∣∣∣i+jE21xiyj
∣∣∣∣ C−j/21 e−
(1−y)/√1 , (17)
while the corner layer components satisfy the following estimates∣∣∣∣i+jE31xiyj
∣∣∣∣ C−j/21 i0e−p0xe−
y/√1 , (18)
∣∣∣∣i+jE32xiyj
∣∣∣∣ C−j/21 i1e−p1(1−x)e−
y/√1 , (19)
∣∣∣∣i+jE33xiyj
∣∣∣∣ C−j/21 i1e−p1(1−x)e−
(1−y)/√1 , (20)
∣∣∣∣i+jE34xiyj
∣∣∣∣ C−j/21 i0e−p0xe−
(1−y)/√1 . (21)
The idea of the proof is to deﬁne functionsS∗, E∗0 , E∗1 , E∗20, E∗21, E∗31, E∗32, E∗33 andE∗34 as solutions of corresponding
elliptic problems posed on unbounded domains and study their properties. The functions E10, E11, E20, E21, E31, E32,
E33, E34 in the decomposition (12) are then deﬁned as restrictions of E∗0 , E∗1 , E∗20, E∗21, E∗31, E∗32, E∗33, E∗34 to ¯,
respectively.
3. The half-plane problems
Since the components E∗0 , E∗1 , E∗20 and E∗21 will be deﬁned on appropriate half-planes, in this section we derive
estimates which will be used in the proof of Theorem 4.
The ﬁrst problem deﬁned on a half-plane is
L0E
∗
0 = 0 in 0,
E∗0 = −S∗ on x = 0, (22)
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where 0 = {(x, y) : x > 0, y ∈ R}, L0 is a smooth extension of the operator L onto 0 and S∗ is a bounded solution
of the problem (59). We denote by b0 and c0 the corresponding smooth extensions of b and c onto 0. We choose b0
such that for any 2 which satisﬁes (10) we may ﬁnd k1 ∈ (0, 12 ) to have
2‖b′0‖∞2k1(1 − p). (23)
Also, note that Lemma 1 applied to L0 is valid on 0.
Since we have problem deﬁned on unbounded domain, in order to have uniqueness and validity of the comparison
principle, we impose additional condition at inﬁnity
E∗0 (x, y) → 0 as x2 + y2 → ∞, x > 0.
Now we derive bounds for E∗0 and its derivatives.
Lemma 5. Let the assumptions of the Theorem 4 hold true. Then for all (x, y) ∈ ¯0 and 0 i + j2, we have∣∣∣∣∣
i+jE∗0
xiyj
∣∣∣∣∣ Ci0e−p0x . (24)
Proof. Let us ﬁrst estimate
∣∣∣∣ i+jE∗0xiyj
∣∣∣∣ on the boundary. It is obvious that∣∣∣∣∣
jE∗0
yj
(0, y)
∣∣∣∣∣=
∣∣∣∣j S∗yj (0, y)
∣∣∣∣ C for 0j2. (25)
Throughout the proof we will use barrier functions
i (x, y) = Cii0e−p0x, p ∈ (0, 1), i = 0, 1, 2.
First, we use 0(x, y) to estimate
∣∣∣∣ jE∗0yj (x, y)
∣∣∣∣ for 0j2. Using (8) for L0, we obtain
∣∣∣∣L0 jE∗0yj (x, y)
∣∣∣∣ = 0
L00(x, y), for all (x, y) ∈ 0, which together with (25) lead to∣∣∣∣∣
jE∗0
yj
(x, y)
∣∣∣∣∣ Ce−p0x for 0j2 and all (x, y) ∈ ¯0. (26)
In order to estimate the ﬁrst derivative in x and the mixed derivatives on the boundary, we estimate functions
Gj(x, y) = 
jE∗0
yj
(x, y) − 
jE∗0
yj
(0, y) for 0j2
using the barrier function C1(x, y) for a sufﬁciently large constant C1 and
(x, y) = 1 − e−	0x . (27)
On the boundary we have |Gj(0, y)| = (0, y) = 0. Since we have (9) for L0 on 0, for 	 ‖b0‖∞(‖c0‖∞+1) and all
(x, y) ∈ 0 we obtain
|L0Gj(x, y)| =
∣∣∣∣∣L0
(
jE∗0
yj
(0, y)
)∣∣∣∣∣=
∣∣∣∣L0
(
j S∗
yj
(0, y)
)∣∣∣∣
=
∣∣∣∣−1 j+2S∗yj+2 (0, y) + c(x)
j S∗
yj
(0, y)
∣∣∣∣ C(1 + ‖c0‖∞)C1L0(x, y)
for C1 large enough. Now the comparison principle yields |Gj(x, y)|C1(x, y), for all (x, y) ∈ ¯0 and therefore∣∣∣∣∣
j+1E∗0
yjx
(0, y)
∣∣∣∣∣  limx→0 C1(x, y)x = C1	0C0 for 0j2. (28)
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Now we have estimates on the boundary and we want to estimate
∣∣∣∣ j+1E∗0yjx (x, y)
∣∣∣∣ for 0j1 and all (x, y) ∈ ¯0.
To this end and in order to estimate the second derivative in x later on, we differentiate equation L0E∗0 = 0 in x and
introduce linear operators
Li0v := L0v + i2b′0(x)v, i = 1, 2 (29)
so that
Li0
iE∗0
xi
= −(ic′0(x) + (i − 1)2b′′0(x))
i−1E∗0
xi−1
− (i − 1)c′′0(x)E∗0 (30)
for i = 1, 2. With (23) operators Li0 for i = 1, 2 have same properties as L0.
Using operator L10 with (30) and the estimate (26) we obtain∣∣∣∣∣L10 
j+1E∗0
yjx
(x, y)
∣∣∣∣∣=
∣∣∣∣∣−c′0(x)
jE∗0
yj
(x, y)
∣∣∣∣∣ C‖c′0‖∞e−p0x for 0j1
and all (x, y) ∈ 0. The barrier function 1, (8) for L10 on 0 together with (6) and (23) give
L101(x, y)C10((1 − p) + 2b′0(x))e−p0x > C¯1e−p0x
for all (x, y) ∈ 0. Then for sufﬁciently large C1 we have
∣∣∣∣L10 j+1E∗0yjx
∣∣∣∣ L1011, for all (x, y) ∈ 0, which together
with (28) give∣∣∣∣∣
j+1E∗0
yjx
(x, y)
∣∣∣∣∣ C10e−p0x for 0j1 for all (x, y) ∈ ¯0. (31)
Next we want to estimate the second derivative in x on the boundary. Using C20(x, y) as a barrier function we ﬁrst
estimate the function
G(x, y) = E
∗
0
x
(x, y) − E
∗
0
x
(0, y).
On boundary we have the estimate we need. For C2 and 	 large enough, using (30), (26) for j = 0, (28) for j = 0 and
j = 2, (6) and (9) for L10 on 0 we have
|L10G(x, y)| =
∣∣∣∣∣−c′0(x)E∗0 (x, y) + 1 
3E∗0
xy2
(0, y) − (c0(x) + 2b′0(x))
E∗0
x
(0, y)
∣∣∣∣∣
C(‖c′0‖∞e−p0x + 10 + 0‖c0‖∞ + 20‖b′0(x)‖∞)
C20L10(x, y) for all (x, y) ∈ 0.
Then the comparison principle yields |G(x, y)|C20(x, y), for all (x, y) ∈ ¯0. Using this inequality we obtain∣∣∣∣∣
2E∗0
x2
(0, y)
∣∣∣∣∣  limx→0 C20(x, y)x = C2	20C20. (32)
It remains to prove ﬁnal estimate for the second derivative in x. We use operator L20, (30) for i = 2, (31) and (26) for
j = 0 to obtain∣∣∣∣∣L20 
2E∗0
x2
∣∣∣∣∣ C¯2(2‖c′0‖∞ + 2‖b′′0‖∞)0e−p0x + C¯3‖c′′0‖∞e−p0x . (33)
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For the barrier function 2, using (8) for L20 on 0 and (23) we obtain
L202C220((1 − p) + 22b′0(x))e−p0x
C20(1 − p)(1 − k1)e−p0x . (34)
For sufﬁciently large C2, combining (33) and (34) and using (6) we conclude
∣∣∣∣L201 2E∗0x2
∣∣∣∣ L2012, for all (x, y) ∈ 0.
This estimate together with (32) yields∣∣∣∣∣
2E∗0
x2
(x, y)
∣∣∣∣∣ C220e−p0x for all (x, y) ∈ ¯0. (35)
Estimates (26), (31) and (35) together give (24). 
The second problem deﬁned on a half-plane is given by
L1E
∗
1 = 0 in 1,
E∗1 = −S∗ on x = 1, (36)
where 1 = {(x, y) : x < 1, y ∈ R} and L01 is a smooth extension of the operator L onto 1. We denote by b1 and c1
the corresponding smooth extensions of b and c onto 1. We choose b1 such that for any 2 which satisﬁes (10) we
may ﬁnd k2 ∈ (0, 12 ) to have 2‖b′1‖∞2k2(1−p).Also, note that Lemma 2 applied to L01 is valid on1. We impose
additional condition at inﬁnity:
E∗1 (x, y) → 0 as x2 + y2 → ∞, x < 1.
Lemma 6. Let the assumptions of Theorem 4 hold true. Then for all (x, y) ∈ ¯1 and 0 i + j2, we have∣∣∣∣∣
i+jE∗1
xiyj
∣∣∣∣∣ Ci1e−p1(1−x). (37)
The proof is analogous to the proof of Lemma 5 so we omit it.
The third problem deﬁned on a half-plane is given by
L20E
∗
20 = 0 in 20,
E∗20 = −S∗ on y = 0, (38)
where 20 = {(x, y) : y > 0, x ∈ R} and L20 is a smooth extension of the operator L onto 20. We denote by b20 and
c20 smooth extensions of functions b and c onto 20. We choose b20 such that for any 2 which satisﬁes (10) we may
ﬁnd k3 ∈ (0, 12 ) to have
2‖b′20‖∞2k3(1 − p). (39)
We impose additional condition at inﬁnity
E∗20(x, y) → 0 as x2 + y2 → ∞, y > 0.
Lemma 7. Let the assumptions of the Theorem 4 hold true. Then for all (x, y) ∈ ¯20 and 0 i + j2, we have∣∣∣∣∣
i+jE∗20
xiyj
∣∣∣∣∣ C−j/21 e−
y/
√
1
. (40)
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Proof. We ﬁrst estimate
∣∣∣∣ i+jE∗20xiyj
∣∣∣∣ on y = 0. Obviously we have
∣∣∣∣∣
iE∗20
xi
(x, 0)
∣∣∣∣∣=
∣∣∣∣−iS∗xi (x, 0)
∣∣∣∣ C for 0 i2. (41)
We introduce notation B(x, y) = e−
y/√1 and use CB(x, y) as a barrier function in order to estimate |E∗20|. Since we
have (11), applying operator L20 to E∗20 and B(x, y) we obtain
L20B(x, y) = (−
2 + c20(x))B(x, y)> 0 = |L20E∗20(x, y)|,
for all (x, y) ∈ 20. Then the comparison principle yields
|E∗20(x, y)|CB(x, y) for all (x, y) ∈ ¯20. (42)
In order to estimate derivatives in x and mixed derivatives, we differentiate equation L20E∗20 = 0 in x and introduce
linear operators
Li20v := L20v + i2b′20(x)v, i = 1, 2 (43)
so that
Li20
iE∗20
xi
= −(ic′20(x) + (i − 1)2b′′20(x))
i−1E∗20
xi−1
− (i − 1)c′′20(x)E∗20 (44)
for i = 1, 2. With (39) operators Li20 have the same properties as L20. Now we use C1B(x, y) as a barrier function with
sufﬁciently large C1. Applying operator (43) with i = 1 and (44) to E
∗
20
x and B(x, y) and using estimates (42), (39)
and (11) we obtain∣∣∣∣L120 E∗20x (x, y)
∣∣∣∣= | − c′20(x)E∗20(x, y)|CB(x, y)
and
C1L
1
20B(x, y) = C1(−
2 + c20(x) + 2b′20(x))B(x, y)C1pB(x, y) (45)
for all (x, y) ∈ 20. For C1 large enough the above estimates together with (41), using the comparison principle give∣∣∣∣E∗20x (x, y)
∣∣∣∣ C1B(x, y) for all (x, y) ∈ ¯. (46)
For the second derivative in x we use C2B(x, y) as a barrier function, operator L220 with (44), estimates (46) and (41),
and the comparison principle yields∣∣∣∣∣
2E∗20
x2
(x, y)
∣∣∣∣∣ C2B(x, y), ∀(x, y) ∈ ¯. (47)
Now we estimate the mixed derivatives on the boundary. To this end we estimate the functions
gi(x, y) = 
iE∗20
xi
(x, y) − 
iE∗20
xi
(x, 0), i = 1, 2
with the barrier functions Ci(x, y), i = 1, 2, where
(x, y) = 1 − e−Qy/√1 (48)
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and
Q(‖c20‖∞ + (1 − p))1/2. (49)
On the boundary we have |gi(x, 0)| = (x, 0) = 0 for i = 1, 2. Applying operators (43) to gi and using (42) and (46)
we obtain
|Li20gi(x, y)| =
∣∣∣∣∣−(ic′20(x) + (i − 1)2b′′20(x))
i−1E∗20
xi−1
(x, y)
− (i − 1)c′′20(x)E∗20(x, y) − 1
i+2S∗
xi+2
(x, 0)
+2b20(x)
i+1S∗
xi+1
(x, 0) + (c20(x) + i2b′20(x))
iS∗
xi
(x, 0)
∣∣∣∣∣
C(B(x, y) + 1)C¯, i = 1, 2
for all (x, y) ∈ 20. Applying operators (43) to , using (39) and (49) we obtain
|Li20(x, y)| = (Q2 − c(x))e−Qy/
√
1 + c(x) + i2b′20(x, y)
(Q2 − ‖c20‖∞ − (1 − p))e−Qy/
√
1 + pp
for all (x, y) ∈ 20. Then for C1, C2 large enough, using the comparison principle we have |gi(x, y)|Ci(x, y), for
i = 1, 2 and all (x, y) ∈ 20 and thus∣∣∣∣∣
i+1E∗20
xiy
(x, 0)
∣∣∣∣∣  limy→0 Ci(x, y)y C−1/21 , i = 1, 2. (50)
We continue with estimates for the partial derivatives in y on the boundary. We estimate the function
g(x, y) = E∗20(x, y) − E∗20(x, 0) (51)
with the barrier function C1(x, y). On the boundary we have |g(x, 0)|=(x, 0)= 0. Furthermore, applying operator
L20 and estimates for the smooth part of the solution, we get
|L20g(x, y)| = |1S∗xx(x, 0) − 2b20(x)S∗x (x, 0) − c20(x)S∗(x, 0)|C
and
C1L20(x, y) = C1((Q2 − c20(x))e−Qy/
√
1 + c20(x))C1 (52)
since we have (49). Then for sufﬁciently large C1, we have |L20g(x, y)|C1L20(x, y) for all (x, y) ∈ 20 and the
comparison principle yields
|g(x, y)|C1(x, y) for all (x, y) ∈ ¯20. (53)
Hence∣∣∣∣E∗20y (x, 0)
∣∣∣∣  limy→0 C1(x, y)y C−1/21 . (54)
For the second derivative in y on the boundary, we estimate function
g˜(x, y) = E
∗
20
y
(x, y) − E
∗
20
y
(x, 0)
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with the barrier function C3−1/21 (x, y) and C3 and Q sufﬁciently large. We apply operator L20 and use (50), (54) and
(52) to obtain
|L20g˜(x, y)| =
∣∣∣∣L20
(
E∗20
y
(x, 0)
)∣∣∣∣
=
∣∣∣∣∣−1 
3E∗20
2xy
(x, 0) + 2b20(x)
2E∗20
xy
(x, 0) + c20(x)E
∗
20
y
(x, 0)
∣∣∣∣∣
C−1/21 C3
−1/2
1 L20(x, y)
for all (x, y) ∈ 20. Now we have |g˜(x, y)|C3−1/21 (x, y) for all (x, y) ∈ ¯20 and therefore∣∣∣∣∣
2E∗20
y2
(x, 0)
∣∣∣∣∣  limy→0 C3
−1/2
1 (x, y)
y
C−11 .
Furthermore, we use barrier function Cj −j/21 B(x, y) for j = 1, 2 with Cj large enough and operator L20 to obtain∣∣∣∣∣L20 
jE∗20
yj
(x, y)
∣∣∣∣∣= 0Cj −j/21 L20B(x, y), j = 1, 2 for all (x, y) ∈ 20.
Then comparison principle yields∣∣∣∣∣
jE∗20
yj
(x, y)
∣∣∣∣∣ Cj −j/21 B(x, y), j = 1, 2 for all (x, y) ∈ ¯20. (55)
It remains to estimate mixed derivatives. We use barrier function C−1/21 B(x, y) and operator L120, estimate (55) for
j = 1 and (45) to obtain∣∣∣∣∣L120 
2E∗20
xy
(x, y)
∣∣∣∣∣=
∣∣∣∣−c′20(x)E∗20y (x, y)
∣∣∣∣ Cj −j/21 B(x, y)
C−j/21 L120B(x, y)
for C large enough and all (x, y) ∈ 20. We have (50) on the boundary and together with the estimates above the
comparison principle yields∣∣∣∣∣
2E∗20
xy
(x, y)
∣∣∣∣∣ C−j/21 B(x, y) for all (x, y) ∈ ¯20. (56)
Estimates (42), (46), (47), (55) and (56) together give (40). 
The fourth problem deﬁned on a half-plane is given by
L21E
∗
21 = 0 in 21,
E∗21 = −S∗ on y = 1, (57)
where 21 = {(x, y) : y < 1, x ∈ R} and L21 is a smooth extension of the operator L onto 21. We denote by b21 and
c21 smooth extensions of functions b and c onto 21. We choose b21 such that for any 2 which satisﬁes (10) we may
ﬁnd k4 ∈ (0, 12 ) to have 2‖b′21‖∞2k4(1 − p). We impose additional condition at inﬁnity:
E∗21(x, y) → 0 as x2 + y2 → ∞, y < 1.
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Lemma 8. Let the assumptions of the Theorem 4 hold true. Then for all (x, y) ∈ ¯21 and 0 i + j2, we have∣∣∣∣∣
i+jE∗21
xiyj
∣∣∣∣∣ C−j/21 e−
(1−y)/
√
1
. (58)
The proof is analogous to the proof of Lemma 7 so we omit it.
4. Proof of Theorem 4
Let us consider the following problem without boundary conditions:
L0S∗ = f ∗ in ∗ = R2, (59)
where L0 and f ∗ are the smooth extensions of the operator L and the function f onto ∗. We can choose b∗, c∗, f ∗ ∈
C∞0 (R2) and still guarantee (2) for b∗ and c∗. Also, we choose b∗ such that for any 2 which satisﬁes (10) we may ﬁnd
k∗ ∈ (0, 12 ) to have 2‖b′∗‖∞2k∗(1 − p). Following [5, 9.1.2] (“regularity theorems for  = Rn”) problem (59)
has a unique classical solution S∗ ∈ C∞(R2).
If we now multiply (59) by (S∗)p−1, integrate by parts and apply Hölder inequality (see [15, Chapter III, p. 186]),
we get for the 1-weighted Lp-norm:
‖S∗‖1,pC‖f ∗‖Lp , 2p∞,
where the 1-weighted norm is given by
‖v‖1,p :=
(∫

(p − 1)1(∇v)2|v|p−2 + |v|p
)1/p
, 2p∞.
Since ‖ · ‖1,∞ is in fact the usual L∞-norm, it follows that ‖S∗‖∞ is uniformly bounded as well. Since S∗ ∈ C∞(R2),
we can differentiate the differential operator and obtain, step by step, similar problems for the derivatives of S∗.
Therefore, we have∣∣∣∣i+j S∗xiyj
∣∣∣∣ C for all (x, y) ∈ ∗ and 0 i + j3. (60)
Note that, alternatively, one can prove that S∗ is uniformly bounded using the fact that the related Green’s function is
uniformly bounded in the L1-norm.
Let S¯ be the restriction of S∗ to ¯. Then from (60) we have∣∣∣∣ i+j S¯xiyj
∣∣∣∣ C for all (x, y) ∈ ¯ and 0 i + j3. (61)
The term E10 reﬂects the exponential layer at x = 0. The function E10 is a restriction to ¯ of E∗0 deﬁned by (22).
Using Lemma 5 we obtain (14).
The term E11 reﬂects the exponential layer at x = 1. The function E11 is a restriction to ¯ of E∗1 deﬁned by (36).
Using Lemma 6 we obtain (15).
The term E20 reﬂects the parabolic layer at y = 0. The function E20 is a restriction to ¯ of E∗20 deﬁned by (38).
Using Lemma 7 we obtain (16).
The term E21 reﬂects the parabolic layer at y = 1. The function E21 is a restriction to ¯ of E∗21 deﬁned by (57).
Using Lemma 8 we obtain (17).
Term E31 reﬂects corner layer at (0, 0) and we deﬁne it as a restriction to ¯ of E∗31 deﬁned by
L31E
∗
31 = 0 in 31,
E∗31 = −E∗20 on x = 0,
E∗31 = −E∗0 on y = 0, (62)
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where 31 = {(x, y) : y > 0, x > 0} and L31 is a smooth extension of the operator L onto 31. We denote by b31 and
c31 smooth extensions of functions b and c onto 31. We choose b31 such that for any 2 which satisﬁes (10) we may
ﬁnd k5 ∈ (0, 12 ) to have
2‖b′31‖∞2k5(1 − p). (63)
We impose additional condition at inﬁnity
E∗31(x, y) → 0 as x2 + y2 → ∞, y > 0, x > 0.
We show that the boundary data of the problem (62) are compatible to arbitrary order at the corner (0, 0). From (38)
and (22) we have E∗20(x, 0)=−S∗(x, 0) and E∗0 (0, y)=−S∗(0, y), respectively, and we can write boundary data from
(62):
E∗31(0, y) = −E∗20(0, y) − E∗0 (0, y) − S∗(0, y),
E∗31(x, 0) = −E∗0 (x, 0) − E∗20(x, 0) − S∗(x, 0).
Each of the functions E∗0 , E∗20, S∗ are smooth at (0, 0) and it follows that the data is compatible at (0, 0) to arbitrary
order.
We will prove the following inequality∣∣∣∣∣
i+jE∗31
xiyj
∣∣∣∣∣ Ci0−j/21 e−p0xe−
y/
√
1 for 0 i + j2. (64)
Let us ﬁrst consider estimates on the boundaries. The boundary y = 0 is considered ﬁrst. It is obvious that from (24)
we have∣∣∣∣∣
iE∗31
xi
(x, 0)
∣∣∣∣∣=
∣∣∣∣∣−
iE∗0
xi
(x, 0)
∣∣∣∣∣ Ci0e−p0x for 0 i2. (65)
In order to estimate the ﬁrst derivative in y we estimate the function
g31(x, y) = E∗31(x, y) − E∗31(x, 0)
using the barrier function 1(x, y) = C1e−p0x(1 − e−Qy/
√
1). Therefore, we have g31(x, 0) = 1(x, 0) = 0. On the
boundary x=0 we use (62) and estimate (53) for the function |g(x, y)| deﬁned by (51) in the case when x=0.Applying
operator L31 to g31 and 1 and using (65), (4), (7) and (11) we obtain
|L31g31(x, y)| = | − L31E∗31(x, 0)|C(120 + 2b(x)0 + c(x))e−p0x
= 2C(C120 + C2)e−p0xC¯e−p0x
and
L311(x, y)(1 − p)c(x)1(x, y) + C1Q2e−p0xe−Qy/
√
1
C1[Q2 − (1 − p)]e−Qy/
√
1 + [(1 − p)]e−p0x
C1(1 − p)e−p0x
for all (x, y) ∈ 31. Note that ﬁrst inequality in proving the bound on L311(x, y) is obtained analogously as (8).
Thus, for sufﬁciently large C1 we have |L31g31(x, y)|L311(x, y) for all (x, y) ∈ 31 and the comparison principle
yields |g31(x, y)|1(x, y) for all (x, y) ∈ ¯31. Hence∣∣∣∣E∗31y (x, 0)
∣∣∣∣  limy→∞ 1(x, y)y C−1/21 e−p0x
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and we have∣∣∣∣∣
i+jE∗31
xiyj
(x, 0)
∣∣∣∣∣ Ci0−j/21 e−p0x for 0 i + j1. (66)
Further we consider the boundary x = 0. From the boundary conditions, for sufﬁciently large C1 we obtain∣∣∣∣∣
jE∗31
yj
(0, y)
∣∣∣∣∣ 
∣∣∣∣−jE20yj (0, y)
∣∣∣∣ C−j/21 e−
y/√1 , j = 0, 1, 2. (67)
It remains to obtain estimate for the derivative in x. To this endwe estimate the functiong32(x, y)=E∗31(x, y)−E∗31(0, y)
using barrier function
2(x, y) = C2(1 − e−	0x)e−
y/
√
1
.
On the boundaries we have estimates we need and applying operator L31 on g32 and 2, using (67), (9), 	‖b31‖∞(‖c31‖∞+1)
 and (11) we obtain
|L31g32(x, y)| = |L31E∗31(0, y)|Ce−
y/
√
1
,
L312(x, y) = C2(1	220 + 2b31(x)	0 − c31(x))e−p0xe−
y/
√
1
+ C2c31(x)e−
y/
√
1 − 
22(x, y)C2
(1 + p)
2
e−
y/
√
1
.
Then for C2 large enough, we obtain |L31g32(x, y)|L312(x, y) for all (x, y) ∈ 31 and consequently |g32(x, y)|
2(x, y) for all (x, y) ∈ ¯31. The estimate for the derivative in x then follows from the deﬁnition of the derivative∣∣∣∣E∗31x (0, y)
∣∣∣∣  limx→0 2(x, y)x C0e−
y/
√
1
. (68)
(67) and (68) together give∣∣∣∣∣
i+jE∗31
xiyj
(0, y)
∣∣∣∣∣ Ci0−j/21 e−
y/
√
1 for 0 i + j1. (69)
Now we have completed the estimates on boundaries. In order to estimateE∗31 and its derivatives we use barrier function
˜ij (x, y) = Ci0−j/21 e−p0xe−
y
√
1 , 0 i + j2. (70)
Since we have (11), then follows
L31˜ij (x, y)[(1 − p)− 
2](x, y)
(1 − p)
2
(x, y). (71)
Note that, as before, for the derivative in x we must use another linear operator.We differentiate the equationL31E∗31=0
in x and obtain
L131v := L31v + 2b′31(x)v with L131
E∗31
x
= −c′31(x)E∗31.
We also have estimate
L131˜(x, y)
(1 − p)
2
(1 − k)˜ij (x, y)
for all (x, y) ∈ 31.Then,with barrier functions ˜ij (x, y) and suitably chosen operators,we obtain (64) for 0 i+j1.
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To prove estimates on the boundary for the second derivatives, we apply the same technique we used so far to the
function z/y where
z = 1/21
[
E∗31
y
− t (x, y)
]
and t (x, y) is a smooth extension of E
∗
31
y
∣∣∣
31
on 31 such that 1/21 t (x, y) and its ﬁrst and second order partial
derivatives are uniformly bounded on the open set31 (cf. [22, p. 209] and their references). Since z=0 on boundaries,
we estimate z(x, y) using barrier function C given by (48) and properties of the function 1/21 t (x, y) to obtain∣∣∣∣ zy (x, 0)
∣∣∣∣= limy→0 |z(x, y)|y  limy→0 C(x, y)y C−1/2.
From the above estimate, we obtain∣∣∣∣∣
2E∗31
y2
(x, 0)
∣∣∣∣∣ C−1.
The estimates on the other boundary follow directly from boundary conditions given by (62). Since we have estimates
on boundaries, the estimate for the second derivative in y is obtained by the comparison principle using the barrier
function ˜ given by (70) for i = 0 and j = 2.
For the second derivative in x we estimate function v/x where
w = −10
[
E∗31
x
− s(x, y)
]
s(x, y) is a smooth extension of E
∗
31
x
∣∣∣
31
on31 such that −10 s(x, y) and its ﬁrst and second order partial derivatives
are uniformly bounded on the open set 31. Since w = 0 on boundaries, we estimate w(x, y) using barrier function
C given by (27) with operator L131 and properties of the function −10 s(x, y) to obtain∣∣∣∣wx (0, y)
∣∣∣∣= limx→0 |w(x, y)|x  limx→0 C(x)x C0.
From the above estimate, we obtain∣∣∣∣∣
2E∗31
x2
(0, y)
∣∣∣∣∣ C20.
The estimates on the other boundary follow directly from boundary conditions given by (62). For the ﬁnal estimate for
the second derivative in x we need another linear operator. We differentiate equation LE∗31 = 0 twice in x and obtain
L231v := L31v + 22b′(x)v,
L231
2E∗31
x2
= −(2c′(x) + 2b′′(x))E
∗
31
x
− c′′(x)E∗31.
We also have
L231˜(x, y)C(1 − p)( 12 − k)20e−p0xe−
y
√
1
for all (x, y) ∈ 31. The estimate for the second derivative in x is obtained by the comparison principle using the barrier
function ˜ given by (70) for i = 2 and j = 0.
For the mixed derivatives, we estimate function w/y. On the boundary y = 0 we use barrier function C given
by (48) and operator L131 to obtain∣∣∣∣wy (x, 0)
∣∣∣∣= limy→0 |w(x, y)|y  limy→0 C(x, y)y C−1/2.
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From the estimate above, we obtain∣∣∣∣∣
2E∗31
xy
(x, 0)
∣∣∣∣∣ C0−1/2.
Estimates on the other boundary follow directly from boundary conditions given by (62). The ﬁnal estimate for the
mixed derivative is obtained by the comparison principle using barrier function ˜ for i = j = 1 and operator L131. Now
estimates (64) are completed.
Term E32 reﬂects corner layer at (1, 0) and we deﬁne it as a restriction to ¯ of E∗32 deﬁned by
L32E
∗
32 = 0 in 32,
E∗32 = −E∗20 on x = 1,
E∗32 = −E∗1 on y = 0,
where 32 = {(x, y) : y > 0, x < 1} and L32 is a smooth extension of the operator L onto 32.
Term E33 reﬂects corner layer at (1, 1) and we deﬁne it as a restriction to ¯ of E∗33 deﬁned by
L33E
∗
33 = 0 in 33,
E∗33 = −E∗21 on x = 1,
E∗32 = −E∗1 on y = 1,
where 33 = {(x, y) : y < 1, x < 1} and L33 is a smooth extension of the operator L onto 33.
Term E34 reﬂects corner layer at (0, 1) and we deﬁne it as a restriction to ¯ of E∗34 deﬁned by
L34E
∗
34 = 0 in 34,
E∗34 = −E∗21 on x = 0,
E∗32 = −E∗0 on y = 1,
where 34 = {(x, y) : y < 1, x > 0} and L34 is a smooth extension of the operator L onto 34.
For each of the above components deﬁned on quarter-planes, we extend functions b and c appropriately, like for
E∗31 and impose suitable growth condition at inﬁnity. Then, estimates for the components E∗32, E∗33 and E∗34 and their
derivatives are obtained analogously as for the component E∗31 so we omit their proofs.
Finally, setting R=u−S −E10 −E11 −E20 −E21 −E31 −E32 −E33 −E34 we have that R satisﬁes the following
problem
LR = 0 in ,
R = −E11 − E32 − E33 on x = 0,
R = −E21 − E33 − E34 on y = 0,
R = −E10 − E31 − E34 on x = 1,
R = −E20 − E31 − E32 on y = 1. (72)
We show that the boundary data of the problem (72) are compatible to arbitrary order at the four corners. Consider ﬁrst
the corner (0, 0). We have
R(0, y) = −E11(0, y) − E32(0, y) − E33(0, y),
R(x, 0) = −E21(x, 0) − E33(x, 0) − E34(x, 0).
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Since E32(x, 0) = −E11(x, 0) and E34(0, y) = −E21(0, y), the above equalities can be written as
R(0, y) = −E11(0, y) − E32(0, y) − E33(0, y) − E21(0, y) − E34(0, y),
R(x, 0) = −E11(x, 0) − E32(x, 0) − E21(x, 0) − E33(x, 0) − E34(x, 0).
Each of the functions E11, E21, E32, E33, E34 is smooth at (0, 0) and it follows that the data is compatible at (0, 0) to
arbitrary order. A similar arguments shows compatibility at other corners.
Using the fact that the data of the problem (72) are both exponentially small and compatible to arbitrary order,
following the arguments from [7, p. 119] one can show that R and its ﬁrst and second order derivatives are uniformly
bounded in ¯. Setting S = S¯ + R and recalling (61) we obtain (13).
Remark 9. Note that Theorem 4 also holds in the case when functions b and c from (1) are functions of two variables,
but in that case the proof requires more technical details.
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